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Algebra and Trigonometry Stewart: Unlocking Triangle Secrets

When you first encounter the world of geometry, the idea that a single theorem can bridge the realms of algebra

and trigopnometry may seem surprising. Algebra and Trigonometry Stewart—commonly  known  simply as
Stewart’s Theorem—provides exactly that bridge. It offers a powerful algebraic tool for finding unknown lengths in
triangles, while simultaneously drawing upon trigonometric identities and the Law of Cosines. In this article, we’ll
explore the origins of Stewart’s Theorem, walk through its derivation, demonstrate real world applications, and show
how it can be combined with other algebraic and trigonometric techniques to solve complex problems.
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The Origin of Stewart’s Theorem

Stewart’s Theorem was first published by James Stewartin the early 19th century as part of his investigations into
the properties of triangles. While many geometry texts focus on the Law of Sines and the Law of Cosines, Stewart’s
Theorem fills a niche: it relates the lengths of all three sides of a triangle to the length of a cevian—any line
segment that joins a vertex to a point on the opposite side.

Historically, mathematicians like Euclid and Apollonius explored ratios of segments in triangles, but Stewart's

elegant algebraic expression made it easier to handle real world measurements where trigonometric values might
be difficult to compute directly. The theorem remains a staple in high school geometry curricula and advanced
geometry courses alike.

Statement of the Theorem

Let triangle \(ABC\) have side lengths \(a = BC\), \(b = AC\), and \(c = AB\). Suppose a cevian \(AD\) divides side
\(BC)) into segments \(BD = m\) and \(DC = n\), with \(m + n = a\). The length of the cevian \(AD = d\). Then
Stewart’s Theorem states:

Stewart’s Theorem: \(b"2 m + ¢"2 n = a(d"2 + mn)\)

In other words, the weighted sum of the squares of the two sides adjacent to the vertex equals the product of the
base with the sum of the square of the cevian and the product of the two segments into which the base is divided.



Derivation Using Algebraic Methods

The algebraic derivation hinges on the concept of a median of the second moment of area and the application of
the Pythagorean theorem in two right triangles that arise when dropping perpendiculars from the cevian’s
endpoint to the base. However, a more straightforward approach uses the Law of Cosinesand algebraic
manipulation.

Step 1: Express Cosines of Base Angles

Let's denote the angles at vertices \(B\) and \(C\) as \(\beta\) and \(\gamma\) respectively. By the Law of Cosines
applied to triangles \(ABD\) and \(ACD\), we have:

\(d"2 = b"2 + c”2 - 2bc\cos(\alpha)\)

But we need expressions involving \(m\) and \(n\). Using the Law of Cosines again on triangles \(ABD\) and
\(ACD\), we get:

\(Mm"2 = b"2 + d"2 - 2bd\cos(\beta)\)
\(n"2 = ¢c"2 + d*2 - 2cd\cos(\gamma)\)
These equations can be rearranged to isolate \(\cos(\beta)\) and \(\cos(\gamma)\).

Step 2: Relate Cosines Using the Triangle Sum

Because \(\beta + \gamma = \pi - \alpha\), we can express \(\cos(\beta + \gamma)\) in terms of \(\cos(\beta)\) and
\(\cos(\gamma)\). After substituting the expressions from Step 1 and simplifying, all trigonometric terms cancel out,
leaving us with the algebraic identity:

\(b"2 m + ¢c"2 n = a(d"*2 + mn)\)

Thus, the theorem is established purely through algebraic manipulation, demonstrating its independence from
trigonometric functions.

Derivation Using Trigonometry

While the algebraic derivation is elegant, many students find a trigonometric approach more intuitive because it
directly involves the angles of the triangle.

Step 1: Drop Perpendiculars

From point \(D\) on side \(BC\), drop a perpendicular to the line \(AD\) meeting at point \(E\). The right triangles
\(ADE)\), \(BDE)\), and \(CDE)\) provide relationships between lengths and angles.

Step 2: Apply the Law of Sines
In triangle \(ADE)), the Law of Sines gives:

\(\frac{dH{\sin(\angle AEB)} = \frac{BE}{\sin(\angle ADB)}\)

Similarly, in triangles \(BDE\) and \(CDE\), we have analogous relationships. By expressing \(BE\) and \(CE\) in
terms of \(m\) and \(n\), and eliminating the sine terms, we arrive at Stewart's Theorem.

Step 3: Simplify
After a series of substitutions and algebraic simplifications, the trigonometric terms cancel, resulting in the same
final expression:



\(b"2 m + c*2 n = a(d"2 + mn)\)

This derivation showcases how trigonometric identities can be leveraged to solve geometric problems, reinforcing
the synergy between algebra and trigonometry.

Practical Applications

Stewart’s Theorem is not just a theoretical curiosity; it has concrete applications in engineering, architecture, and
even gaming. Below are some common scenarios where the theorem proves invaluable.

1. Finding the Length of a Median

A median is a cevian that bisects the opposite side. Let's say you know the side lengths of a triangle and need to
find the length of the median from a vertex. By setting \(m = n = a/2\) and \(d =\) median length, Stewart’s Theorem
simplifies to:

\(b"2 \frac{a}{2} + c"2 \frac{a}{2} = a\left(m”2 + \frac{a"2}{4}\right)\)
Solving for \(m\) yields the well known median formula:
\(m = \frac{1H{2N\sqrt{2b"2 + 2¢"2 - a"2}\)

2. Determining the Angle Bisector Length

When a cevian is an angle bisector, it divides the opposite side in the ratio of the adjacent sides: \(m:n = c:b\).
Substituting these ratios into Stewart’s Theorem allows you to solve for the bisector length, which is useful in
navigation and surveying.

3. Engineering Structural Analysis

In structural engineering, forces are often applied at points along beams, creating internal stresses analogous to
cevians in triangles. Stewart's Theorem can help calculate the resulting internal forces or displacements when the
geometry of the load distribution is known.

4. Computer Graphics and Game Development

Triangulation is fundamental in rendering 3D models. When optimizing mesh structures, engineers sometimes need
to compute the lengths of edges that bisect or divide faces. Stewart’s Theorem offers a quick way to calculate these
lengths without resorting to costly trigonometric functions.

Worked Examples

Example 1: Finding a Cevian Length

Triangle \(ABC)\) has side lengths \(a = 10\), \(b = 13\), \(c = 15\). A cevian \(AD\) divides side \(BC)\) into segments
\(m = 4\) and \(n = 6\). Find the length of \(AD\).

1. Apply Stewart’s Theorem:
\(b"2 m + ¢”2 n = a(d*2 + mn)\)
1. Insert the known values:
\(1372 \times 4 + 15”2 \times 6 = 10(d"2 + 4 \times 6)\)

1. Compute the left side:
\(169 \times 4 + 225 \times 6 = 676 + 1350 = 2026\)



1. Compute the right side’s product of segments:
mn=4x6=24
1. Set up the equation:
2026 = 10(d"2 + 24)
1. Divide both sides by 10:
202.6 =d"2 + 24
1. Subtract 24:
dn2 =178.6
1. Take the square root:

d"H 13.37
So the cevian \(AD\) has length approximately 13.37 units.

Example 2: Median Length in an Isosceles Triangle
Triangle \(ABC)) is isosceles with \(b = ¢ = 12\) and base \(a = 16\). Find the length of the median from vertex \(A\)
to side \(BC\).

1. Set\(m=n=a/2 =8\).
2. Apply Stewart’s Theorem:

\(b"2 m + ¢c"2 n = a(d*2 + mn)\)
1. Insert values:
1272 x 8 + 1272 x 8 = 16(d"2 + 8 x 8)

1. Compute left side:
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